The emergent longitudinal wave from space and time derivatives 
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Abstract - We have shown that a longitudinal wave emerges as a result of general transformations similar 
to gauge transformations of electrodynamics. The time derivative and the gradient of the gauge function 
and their alike yield the longitudinal wave. The de Broglie wave associated with the particle motion is a 
longitudinal one. This wave accompanied the motion of all massive objects. It has a zero magnetic field (or 
vorticity). The invariance of Dirac equation under these transformations makes the electron to behave as a 
massless particle while having a mass. 



Introduction. - De Broglie hypothesize that a particle 
has a wave nature associated with its motion. However, this 
wave nature is not determined by de Broglie. Schodinger avail 
this property and constructed his wave theory of particles. In 
Schodinger formulation a plane wave is considered. But a parti- 
cle is supposed to be described by a wavepacket. Hence, a par- 
ticle will then be assumed to be the superposition of some plane 
waves. Arbab has recently developed a wave theory describing 
the spin -1/2 and spin -0 particles JT) . Unlike the ordinary firs- 
order space and time Dirac equation, Arbab expressed Dirac 
equation in a second-order wave equation form. Thus, Klein- 
Gordon and Dirac equations become equally represented. The 
reliable equation of motion has to be invariant under Lorentz 
transformations. However, Maxwell equations exhibit further 
gauge invariance. Owing to Nother's theorem, an invariance of 
the equation of motion under some transformation ushers into a 
conserved physical quantity. Unfortunately, the presence of the 
mass term in the equation of motion will spoil the gauge invari- 
ance of Maxwell equations. For this reason the photon (gauge 
field) is taken to have a zero mass. In electroweak theory the 
mass of the particles, besides the gauge fields, were taken to be 
zero, and given their masses by the Higgs mechanism when the 
electroweak symmetry is broken Q. 

We propose here energy and momentum transformations, 
i.e., space and time derivatives transformations, and dictate 
that the equations of motion should be invariant under them. 
These transformations have some links with gauge transforma- 
tions. If we demand that the transformations of space and time 
derivatives leave physical world unaltered, a longitudinal wave 



will result representing the material nature of the particle under 
consideration. In electrodynamics the wave nature of the mov- 
ing charged particle has not been investigated before. Maxwell 
equations describe the propagation of the electric and magnetic 
fields, without taking into account the material wave nature of 
the charged particle. The fields have a transverse wave nature 
while the particle has a longitudinal wave nature Q. 

We will investigate in this letter the space and time deriva- 
tive transformations (energy and momentum) and their relation 
to the dynamics of the moving particle (charged or not). While 
the wave associated with the field is transverse, the wave asso- 
ciated with the particle is longitudinal. The magnetic field-like 
vanishes for longitudinal wave. 



General derivatives transformations. 

lowing transformations 



Consider the fol- 



J dt dt dt 
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where / is a scalar (gauge) function. 

Maxwell equations. If we apply eq.(l) in Maxwell equa- 
tions E|, 



Vx£ = , 

dt 

and 

i B = 0, 
we will obtain 



V -E = — , 
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and 



1 df =, 



(5) 



The electric and magnetic fields created by a moving charged 
particle satisfy, then v ■ E — v ■ B — 0. Thus, it seems that 
V/ oc y. This means that V/ is directed parallel to the motion 
of the particle. It thus leads to a generation of longitudinal 
wave. Now if 

xfdf 



c- dt 



(6) 



then eq.(5) represents the vanishing electric and magnetic fields 
in the boost frame = and §' — 0) with speed v, i.e., 



d v -> 
B = — xE, 



-vxB. 



(7) 



In quantum mechanics, p - -ihv, E = ihj r so that eq.(6) 
yields the Einstein energy equation 



p = -E =» 
Moreover, eqs.(4) and (5) yield 



i d 2 / 

c- dt 
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Therefore, the invariance of Maxwell equations under the trans- 
formations given by eq.(l) is equivalent in electrodynamics 
to Lorenz gauge condition invariance under gauge transforma- 
tions. 

The effect of the interaction of an electromagnetic field on 
the dynamic of a charged free particle is to replace its momen- 
tum and energy by 



p' - p + qA, 

In quantum mechanics, p - 
becomes 



E ' — E + qtp . 



(10) 



-ihv, E = itijfi. Hence, eq.(6) 



ri, ^ d , d a 
V = V + i-A, — ' = i-u}. 

ft dt dt h Y 

The ordinary gauge transformations are written as 

df 



A' = A + vf , 



ip =<p- 



dt 



(ii) 



(12) 



The Lorenz gauge condition requires that the gauge function / 
to satisfy the wave equation 



(13) 



The term V/ in eq.(6) can be considered as a longitudinal com- 
ponent of the vector field A. Hence, the gauge transformation in 
eq.(6) is equivalent to decomposing the gauge field into trans- 
verse (Aj_) and longitudinal (Ay) components, i.e., A = A ± + Ay, 
viz., Aj_ = A and Ay = V/. Hence, the transformations in 
eq.(l 1) & (12) and eq.(l) are intimately related. 



Dirac equation. Let us now apply the transformations 
'iven by eq.(l) in Dirac equation 



c ~dt 



+ a 



-> itncB 



0. 



to obtain 



Idf 

c dt 



(14) 



(15) 



Applying eq.(6) in eq.(15) yields a ■ v — c. Using the fact 
that a 2 — 1, this implies that v - ac. Interestingly, this is the 
result obtained in Dirac's formulation for the electron. Differ- 
entiate both sides of eq.(15) partially with respect to time, and 
use eq.(15) once again or eq.(6) once again to obtain 



(16) 



Equation (16) is the same as eqs.(9) & (13). Hence, the in- 
variance of Dirac equation under the transformations given by 
eq.(l) requires that the gauge function / satisfy the wave equa- 
tion, eq.(16). 

Vacuum continuity equations. Let us now apply the trans- 
formation given by eq.(l) in the vacuum continuity equations 




Vp + 



1 dJ 



and 



V xJ = 0, 



4 -> dp 

-y-.J+JL =0. 

dt 



Equations (17) - (19) are invariant under eq.(l) if 

^ df 

(V/)x/=0. 



(17) 
(18) 

(19) 

(20) 

(21) 
(22) 



Using eq.(6), eqs. (20) and (21) yield p = —\ ■ J and J — -pv*. 
This is in agreement with eq.(22). Now differentiate eq.(20) 
partially with respect to time and take the divergence of eq.(21), 
and add the two resulting equations, using eqs. (17) and (19) to 
get 

c 2 dt 2 

Once again, the invariance of the vacuum continuity equations 
under eq.(l) is that the gauge function / satisfies the above 
wave equation. 

Lorenz gauge condition. Applying the transformation 
given by eq.(l) in Lorenz gauge condition 



7 f 



0. 



(23) 



1 dip 



(24) 



yields 
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For a vanishing field A ' — 0, eq.(12) yields 



df 



Vf = A, ft =,. 



(26) 



The above choice is consistent with eq.(24) if / satisfies the 
wave equation in eq.(23). 

Applying eq.(24) and (26) in eq.(25) yields 



f • ( -^ )+ | 2 ^^ 2+c2a2 ) =0 - 

This can be cast in an energy conservation equation form 
du 



dt 



(27) 



(28) 



where 5* = —<p A and u = {f 2 + c 2 A 2 ^, are the energy flux 
and energy density, respectively. As can be seen from eqs.(6) 
and (26), the vector field A is parallel to the direction of motion. 
Therefore, eq.(27) represents the propagation of a longitudinal 
wave. 

We recently obtained such an equation from the generalized 
gauge transformations |3|. Unlike the electromagnetic energy 
equation, where the r.h.s of eq.(26) embodies the rate of doing 
mechanical energy (-J-E), the fields A and <p are not associated 
with mechanical energy. Consequently, the wave associated 
with them has a great penetration power. In as much as, the 
energy propagates along the direction of the field, they wave 
associated with them will be longitudinal wave. As noted by 
Bass and Schodinger [7| and lately by Aharonov and Bohm 
HI, the fields A and ip are more genuine than they were dealt 
with in the classical electrodynamics formulation. These fields 
are real, since they have energy density and energy flow. 

Post-Galilean transformations. - We call here the 
Lorentz transformations for moderately low speeds, the post- 
Galilean transformations. In his case we have 



, -ft v d d . d . -> 

V =V+— — , — ' = — +if-V. 
c 2 dt dt dt 

Apply eq.(l) in eqs.(17) and eq.(19) to get 



v-(Vp + l§W./ + !) = 0, 

c z dt dt 



and 



(Vp + ^)4(v-/+|) = o. 

c- dt c 1 dt 



(29) 



(30) 



(31) 



Equations (30) and (31) are consistent with eqs.(17) and (19). 
However, eq.(18) yields 



— x — =0, J=pv. 

c- dt 



(32) 



We have shown recently that one can define the vorticity (w) 
for a fluid by (9) 

v d(-v) 
<5=-x^-A (33) 
c l dt 



and hence eq.(32) implies that the vacuum current is vortex free 
(irrotational). Hence, the vacuum current flows radially. More- 
over, if one compares eq.(32) with eq.(7), one finds that the 
longitudinal field £7 = — |? Equation (32) suggests that £/ is 
parallel to the velocity, v. Since the vacuum electric field is also 
parallel to the velocity, v, then the magnetic field vanishes, as 
can be seen from eq.(7). Hence, the longitudinal wave associ- 
ated with the vacuum has no magnetic component. 

It is interesting to know that eq.(29) is a special case of 
eq.(l). It corresponds to the case when, V/ = JrJ:> and 

It = -V ■ v - 

The invariance of eq.(14) under eq.(29) yields 



d a dtp 

V ^ + - ■£ = 

c dt 



+ a- Vif/ = 0. 

c dt 



(34) 



This is the Dirac equation of massless particle, as evident from 
eq.(14). Thus, the effect of the transformations in eq.(29) is to 
make the mass of the particle appear to be zero. Hence, eq.(34) 
can be interpreted as transforming the mass, where it is zero 
in the boost frame but nonzero in the rest frame. Hence, the 
mass becomes like the electric and magnetic fields where they 
are zero in the boost frame while nonzero in the rest frame, see 
eq.(7). In this sense the mass can be defined as part of a tensor 
quantity. 

Taking the gradient of eq.(34) using eq.(14), yields 



1 d 2 if/ 



imp d\p 
~ It 



0. 



(35) 



This represents a wave equation that is similar to the magnetic 
(electric) field equation in an un-charged conducting medium, 
where fioo~ = i.e., <x = ±-j^ 0. Equation (35) is also 
known as telegraph's equation. The spinor \jj can be written as 

a two-component column as, if/ = ( ^ + 



1 d 2 if/- 2 lm dty- 
c 2 " dt 2 ^~~~h~~dt 



0. 



(36) 



(37) 



For a plane wave solution of the form, if/ = C exp i(o)t - k ■ r), 
C= constant, eq.(35) yields the dispersion relations 



a>i 2 = +■ 



2h 



2 k 2 + 



4fi 2 



(38) 



where cl>\ and u>2 are the energies for the states if/+ and if/-, 
respectively. Equation (38) can be written as 



£1,2 = ncu h2 = +—c + 



c 2 h 2 k 2 + 



(?) 



(39) 



The first part in the LHS in eq.(39) represents the zero-point 
energy of the electron wave. Unlike the field wave, which has 
an infinite contribution to the vacuum energy, the matter wave 
contribution vanishes. Equation (39) can be seen as a shift of 
the energy of the system by the zero-energy, Eq = jC . In this 
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case, the zero-energy (p = 0) will be identically zero. This 
is a surprising result that would resolve the infinite contribu- 
tion of the zero energy of the vacuum. It is interesting to see 
that such a wave packet is composed of two waves each with 
mass m* = f with energy E* = -\/c 2 p 2 + mlc 4 , where p = hk. 
Hence, eq.(39) yields, - +Eq ± E,, where Eq = m*c 2 . It 
is interesting that an electron is composed of a system with two 
states each has a mass that is half the mass of the electron. It 
is remarkable that eq.(3) describes a particle that while it has a 
mass behaves as a massless particle, as evident from eqs.(34) 
and (35). Equation (38) implies that the above wave is com- 
posed of two waves (wavepacket) with a group velocity 
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It is interesting to see that, < c as far as m t + 0, a fact 
that complies with special theory of relativity. At high energy 
(k — > oo), v g — > +c (ai — — — jp- + ck), while at low energy 
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equals to the speed of light (to the left and right), and at low en- 
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equal then the total vacuum contribution will vanish. The above 
wave will find its applications when considering the transport 
properties of electrons in solids. It is interesting to note that 
only when, m = then co - +ck. This behavior mimics the 
electrons in graphene that has recently been discovered iflOl . 

Conclusions. - We have dealt in this letter with the lon- 
gitudinal wave resulting from the invariance of the equation of 
motion of the field and the matter. We have shown that the ma- 
terial wave is a longitudinal wave and always associated with 
the motion of a massive particle. This feature has not been 
clearly emphasized in de Broglie theory. De Broglie associ- 
ated a wave nature with a particle motion, but the nature of 
this wave has not been specified. It is worth to mention that 
the magnetic (vortex) component of the longitudinal wave van- 
ishes. The post-Galilean invariance of Dirac equation yields an 
equation that makes the electron to behave as a massless parti- 
cle while having a mass. This property is found recently to be 
prominent in graphene. 
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